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Introduction
Given a metric space (X, d) and a real number α ∈ (0, 1], Lip α (X) is the Banach space of all scalar-valued functions f on X such that 
Representation
In this section we shall give a complete description of disjointness preserving linear maps between little Lipschitz algebras. We first adopt some notation. For x ∈ X and δ > 0, we write B(x, δ) = {z ∈ X: d(z, x) < δ}.
For f ∈ lip α (X), let coz(f ) denote the set of all the points x ∈ X such that f (x) = 0 and let supp(f ) denote the closure of coz(f ) in X. 
We shall see that this comes true only in this case, when T is a disjointness preserving linear map from lip α (X) into lip α (Y ), for X, Y compact and α ∈ (0, 1). To prove this, we shall require partitions of unity formed by functions of lip α (X). In the next lemma we show that these partitions of unity always exist. 
Proof. For each k ∈ {1, . . . , n}, let f k be the function on X given by
Hence f k is well defined. Since f ∈ Lip 1 (X) is never zero, by the compactness of X it is bounded away from zero and then it is immediate that 1/f ∈ Lip 1 (X). Hence f k ∈ Lip 1 (X). A trivial verification shows that f k satisfies the conditions of the statement. 2 Theorem 2.2. Let X and Y be compact metric spaces, let α ∈ (0, 1), and let T be a disjointness preserving linear
and a nonvanishing function h in lip α (Y c ) such that 
We now prove the theorem into a series of steps.
Step 
Step 1 motivates the following:
Step
Step 3. The mapping ϕ :
By the compactness of X we can suppose, taking a subsequence if it is necessary, that (ϕ(y n )) n∈N converges to a point x in X.
On the other hand, since (ϕ(y n )) n∈N converges to x, there exists a natural m such that
∈ supp(f ) and then Tf (y n ) = 0 by Step 2. Since n was arbitrary, it follows that Tf (y n ) = 0 for all n m and thus Tf (y) = 0, a contradiction. 2
Step 4.
Then J y is a dense subspace of M y .
Observe that J y is the set formed by all the functions in lip α (X) vanishing at a neighborhood of ϕ(y). Clearly J y and M y are vector subspaces of lip α (X) and J y ⊂ M y .
Define the functions ρ y : X → R and h :
respectively. Then ρ y ∈ Lip 1 (X) and h is Lipschitz on the interval [0, diam(X)], where diam(X) denotes the diameter of X, since it is piecewise differentiable with bounded derivative. This implies that h • ρ y ∈ Lip 1 (X) and thus
Since the Lipschitz constant of 1 − h as an element of Lip 1 (R) is 2/δ and 1 − h ∞ 1, restricting all functions to B(ϕ(y), δ) and using
An easy calculation yields f − g ∞ εδ < ε. 2
Step (ϕ(y n ) ) n∈N of distinct elements of X such that y n ∈ Y d for all n ∈ N. As X is compact we can find a subsequence of (ϕ(y n )) n∈N , which we shall follow denoting by (ϕ(y n )) n∈N , and a sequence (B(ϕ(y n ), 2δ n ) ) n∈N of pairwise disjoint open balls of X with δ n ∈ (0, 1), for each n ∈ N. For each natural n let g n be the function defined on X by
The function g n is in lip α (X) with g n < 2 since g n ∞ δ n < 1 and p α (g n ) 1. Clearly g n (x) = δ n when x ∈ B(ϕ(y n ), δ n ) and an easy calculation gives us that coz(g n ) ⊂ B(ϕ(y n ), 2δ n ).
On the other hand, since the linear functional δ y n • T is discontinuous on lip α (X), there exists a function h n in lip α (X) with h n 1 such that |T h n (y n )| n 3 /δ n for all n ∈ N. For each natural n, let us define the function f n = (1/n 2 )g n h n . Clearly f n ∈ lip α (X) and since g n (x) = δ n for all x ∈ B(ϕ(y n ), δ n ), we have f n − (1/n 2 )δ n h n = 0 on B(ϕ(y n ), δ n ). Hence Tf n (y n ) = (1/n 2 )δ n T h n (y n ) by Step 2 and thus |Tf n (y n )| n.
Since f n < 4/n 2 for all n ∈ N and lip α (X) is complete, we can define the function f = +∞ n=1 f n ∈ lip α (X). 
As the sequence (B(ϕ(y n ), 2δ n )) n∈N is pairwise disjoint and coz(f
n ) ⊂ B(ϕ(y n ), 2δ n ) for all n ∈ N, it follows that ϕ(y m ) / ∈ supp(f n ) for all n = m.
Automatic continuity
In this section we shall prove that any disjointness preserving linear bijection between little Lipschitz algebras is automatically continuous. Recall that a map between metric spaces ϕ : X → Y is a Lipschitz homeomorphism if ϕ is a bijection such that ϕ and ϕ −1 are both Lipschitz. We claim that ϕ is Lipschitz. For y 1 , y 2 ∈ Y define
Theorem 3.1. Let X and Y be compact metric spaces, let α ∈ (0, 1), and let T be a disjointness preserving linear bijection from lip α (X) onto lip α (Y ). Then T is a weighted composition operator
Then h y 1 y 2 is Lipschitz on the interval [0, diam(X)] since it is piecewise differentiable with bounded derivative. Since f y 1 y 2 = h y 1 y 2 • ρ y 1 , this implies that f y 1 y 2 ∈ Lip 1 (X) and thus we obtain the desired conclusion. Therefore the set {f y 1 y 2 : y 1 , y 2 ∈ Y } is bounded in lip α (X). Since the linear map T is continuous by Claim 3, the set {Tf y 1 y 2 :
It is clear that
and so |Tf y 1 y 2 (
with β = min{|h(y)|: y ∈ Y } > 0, which is our claim.
To prove that ϕ −1 is Lipschitz, we have that T −1 is continuous by the inverse mapping theorem and T −1 is a disjointness preserving linear bijection of lip α (Y ) onto lip α (X) by Claim 5. By the above proved,
where j is a nonvanishing function in lip α (X) and k is a Lipschitz bijection of X onto Y. The proof is finished if we prove that k = ϕ −1 . Given f ∈ lip α (X), we have
Let I X be the identity function on X. Now we claim that ϕ 
Discontinuous disjointness preserving linear functionals
In this section we shall state the existence of discontinuous disjointness preserving linear functionals of lip α (X) under the condition that X is an infinite compact metric space and α is a real parameter in (0, 1). For α = 1, lip α (X) may be finite dimensional, which we want to avoid. In the next lemma we obtain some surely known properties of ideals in lip α (X). For the sake of completeness we give the proof.
Lemma 4.1. Let X be a compact metric space and let α ∈ (0, 1). For each x ∈ X, define
and
Since f ∈ lip α (X) is never zero, then f is bounded away from zero by compactness. It is easily seen that 1/f = h • f ∈ lip α (X), where h(t) = 1/t for all t ∈ f (X) is Lipschitz on f (X) since it is differentiable with bounded derivative. Hence f is invertible in lip α (X). This contradicts the fact that a proper ideal does not contain invertible elements. If there exists a prime ideal P containing J x but not f, then f cannot belong to J x since f does not belong to P . Conversely, let f / ∈ J x . We will use Zorn's lemma to produce a prime ideal in lip α (X) containing J x , but not f. Let F denote the set of all ideals I in lip α (X) such that J x ⊂ I and f n / ∈ I for all natural n. Clearly J x ∈ F and thus F = ∅. Partially order F by inclusion. To show that Zorn's lemma applies to F , let C be any nonempty chain contained in F and let Q = C. One easily sees that Q is in F , and Q is an upper bound for C. By Zorn's lemma, F has a maximal member, say P . We assert that P is prime. Assume that g 1 / ∈ P and g 2 / ∈ P . For i = 1, 2 the set {p + hg i : p ∈ P , h ∈ lip α (X)} is an ideal containing strictly P and therefore to J x . Because of the maximality of P , there exist n, m ∈ N such that f n = p 1 + h 1 g 1 and f m = p 2 + h 2 g 2 for some p 1 , p 2 ∈ P and h 1 , h 2 ∈ lip α (X). A simple calculation shows that
If g 1 g 2 ∈ P , then f n+m ∈ P and this contradicts that P ∈ F . Consequently g 1 g 2 / ∈ P and P is prime. Proof. For each x ∈ X there is a prime ideal P of lip α (X) such that J x ⊂ P M x by Lemma 4.1. Let ϕ be any linear functional of lip α (X) vanishing on P but not on M x . We shall see that ϕ is discontinuous and disjointness preserving. Since J x ⊂ P ⊂ ker ϕ and J x = M x (see Step 4 of Theorem 2.2), it follows that M x ⊂ ker ϕ, but M x is not contained in ker ϕ. Hence ker ϕ cannot be closed in lip α (X) and thus ϕ is discontinuous. To prove that ϕ preserves disjointness, let f, g be in lip α (X) such that f · g = 0. Since P is a prime ideal of lip α (X), one of f and g belongs to P . As P ⊂ ker ϕ, one of ϕ(f ) and ϕ(g) must be zero. Thus ϕ(f ) · ϕ(g) = 0. 2
